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Abstract 

We analyse in a systematic way the four dimensionnal Einstein- Weyl spaces equipped with 
a diagonal Kahler Bianchi IX metric. In particular, we show that the subclass of Einstein- 
Weyl structures with a constant conformal scalar curvature is the one with a conformally 
scalar flat - but not necessarily scalar flat - metric ; we exhibit its 3-parameter distance and 
Weyl one-form. This extends previous analysis of Pedersen, Swann and Madsen , limited 
to the scalar flat, antiself-dual case. We also check that, in agreement with a theorem of 
Derdzinski, the most general conformally Einstein metric in the family of biaxial Kahler 
Bianchi IX metrics is an extremal metric of Calabi, conformal to Carter's metric, thanks 
to Chave and Valent's results. 
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1 Introduction 

In a recent paper, Tod |1| exhibits the relationship between some Einstein- Weyl geometry 
without torsion (the four- dimensional self-dual Einstein- Weyl geometry studied by Pedersen and 
Swann 0) and some local heterotic geometry (i.e. the Riemannian geometry with torsion and 
three complex structures, associated with (4,0) supersymmetric non-linear a models |3|, [3], |^]). 

To extend these ideas to other situations, as a first step, we analyse in this work in a 
systematic way a larger class of Einstein- Weyl geometries : the ones, recently considered by 
Madsen ||, |9| where the metric lies in the diagonal Kahler Bianchi IX family. We think that 
this will help in finding new bridges with a larger class of heterotic geometries. 

The paper is organised as follows : in Section 2, we describe Bianchi IX metrics and recall 
the definition of Einstein- Weyl structures and the constraints that result for the metric and the 
Weyl connection (for recent reviews see refs. 0, [| [7|, |[). 

The Section 3 contains the complete solution of the aforementioned constraints and discusses 
some special cases previously known. We first obtain a four-parameter Einstein- Weyl structure, 
not conformally equivalent to Einstein metrics (Subsection 3.1). A particularly interesting 
subclass is the one with a constant conformal scalar curvature : the constant has to be zero but 
the scalar curvature is not constant. Some details on these (non-compact) metrics are given in 
Subsection 4.1. Another subclass is the one with a constant scalar curvature first analysed by 
Madsen || : we prove that the constant has to be zero, leading to the Einstein- Weyl structure 
given in ref. |§. 

Second, in Subsection 3.2 we exhibit the most general conformally Einstein metric in the family 
of biaxial Kahler Bianchi IX metrics : the distance is a three-parameter dependent one. As 
explained in Subsection 4.2, due to their U(2) isometries, they fall into the class proposed by 
Carter |10| and are related to extremal Calabi metrics llj by the explicit change of coordinates 



given by Chave and Valent [12 



2 Bianchi IX metrics and Einstein- Weyl structures 

Bianchi metrics |6], [7] are real four dimensional metrics with a 3-dimensional isometry group, 
transitive on 3-surfaces. A complete classification has been given in 1897 by Bianchi and their 
expression is usually written as : 

g = (abc) 2 dt 2 + a 2 o\ + b 2 o\ + <?o\ 

= uoiuj 2 0J^dt H a x H a 2 H a 3 , (1) 

00\ 00 2 00 3 

where a, b, c ( or 001,002,003) are functions of t, and the Oi are invariant one-forms satisfying : 

da\ = rii(j2 A 03 

da 2 = n 2 <J 3 A o"i — da^ A a 2 

da 3 = 7I301 A 02 — do\ A a 3 . (2) 

The n a 's and a are constant parameters the possible values of which may be found for example 
in refs. [§], 0)- We shall restrict our analysis to the so-called diagonal Bianchi IX family^, 

1 One may always diagonalise the metric at a particular to ; then we have to assume that the evolution 
equations are such that the non-diagonal components remain zero. 
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characterised by 

n a — 1, a = 1,2, 3 ; a = 0. 

Due to its SU(2) isometry group, it has been frequently considered. 

A Weyl space [|] is a conformal manifold with a torsion-free connection D and a one-form 
7 such that for each representative metric g in a conformal class [g] , 

Di9jk = li9jk ■ (3) 

A different choice of representative metric : g — > g = e-^g is accompanied by a change in 
7 : 7 — > 7 = 7 + df . Conversely, if the one- form 7 is exact, the metric g is conformally 
equivalent to a Riemannian metric g : Digjk = 0. 
The Ricci tensor associated to the Weyl connection D is defined by : 

[Di, Dj ]v k = TZ (D)k li:j v l , <Rf=rt D \ k3 . (4) 
T^iP is related to R\J\ the Ricci tensor associated to the Levi-Civita connection 0: 

= 4 V) + - \va 3 + \m 3 + \g l AVki k - i k i k ] ■ (5) 

As a consequence, the Ricci tensor is no longer symmetric as : 

In this work, we shall be interested in Einstein- Weyl spaces defined by : 

4 V) + V (*7i) + = , A = A'- 1 -[V kl k - lkl k }. (7) 

Notice that for an exact Einstein- Weyl structure, the representative metric is conformally Ein- 
stein. Notice also that the conformal scalar curvature is related to the scalar curvature through: 

S(°) = gV-RVp = AM = + 3[V 4 7 J - pf] • (8) 

Diagonal Bianchi IX metrics being invariant under SU(2), it is natural to look for one-forms 7 
covariant under SU(2) : 

7 = P(t)dt + A^t)^ + A 2 (t)a 2 + A 3 (t)a 3 . (9) 
It is then proven in [Q, Q that the metric is either conformally Einstein : 

A a (t) = 0, a = 1,2, 3, i = P(t)dt. (10) 
or biaxial if at least one of the A a (t) does not vanish, say A3: 

wi = lu 2 , A x = A 2 = . (11) 

In the following, when the three AaS vanish, we shall also restrict ourselves to this hypothesis 
of U(2) isometry. 
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It is convenient to introduce the auxiliary functions a a through 

uj' a = ijJbOJ c + a a u a , (a, b, c) = cir. perm. (1, 2, 3) 
where a prime means derivation with respect to t. Equation (|TT| ) implies 

ati — «2 ■ 

Moreover, as we shall be interested only in Kahler metrics, we may use a theorem of Dancer 
and Strachan to obtain 

a 3 = . 

To sum up, when we look for an Einstein- Weyl structure with a Kahler diagonal Bianchi IX 
metric, we have 5 unknown functions uJ\{t) = u; 2 (t) , u 3 (t), P(t), A 3 (t) and ai(t) = a 2 (t) := a(t) 
that define the metric, the Weyl one-form 7, the Kahler form Q , the scalar curvatures and the 
Einstein function (cosmological term) A: 

<? = uj\UJ2UJ 3 dt H H a 2 H ct 3 

C^l Co>2 
= 6^3 A (X3 + ^(Ji A 0"2 , dfi = 

S iD) = 4A + [P 1 - P 2 - uo 2 JA 3 ) 2 } (12) 

WlW2^3 



5 (V) 



-2a' 



1 



A = i4 (p - 2c,) 

with 5 constraints through first order differential equations first obtained by Madsen || [| (the 
last three come from the diagonal matrix elements of equation ([?]) ||: 

^1 I 1 \2 

a = u 3 , uj 3 = (loi) , 

U>i 

a' = 2^a + P(a + u 3 -^)+ 1 -(uj 3 ) 2 (A 3 ) 2 , 
^3 ^3 2 

P' = -^P 2 + 2P{a + u 3 ) + ^{u 3 ) 2 {A 3 ) 2 , 

A 3 = A 3 [2(a + ^ 3 )-^-P] • (13) 

<^3 

As a consequence, it is expected that everything should be fixed, up to some integration con- 
stants. 

For further use, the special cases of a (anti) self-dual Weyl connection will be interesting. 
As : 

1 A' 

d'j = A'.dt A cr 3 + A 3 a x A a 2 = — \—e° A e 3 + cA 3 e x A e 2 } , 

abc c 

where e l , i — 0, 1, 2, 3 are the vierbeins corresponding to the metric (|lj), these connections are 
defined by : 

A' 3 = ±^A, . (14) 

^3 
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3 Solution of the constraints. 



As proposed by Pedersen and Poon [ Hfl , due to the positivity of oo 3 , one may change the variable 
t to r : u 3 = r 2 /4. We rewrite the system (|l2l , |l3|) with the new quantities : 



u 3 = r 2 /4 , (—) 2 = W{r),W>0. (15) 

Then (a dot means a differentiation with respect to r) : 

11 8.P 
» = ^ dr2 + 4 r Vi 2 + ^2 + ^3) , 7=^7^ + A 3 a3, 

Q = VA(T3 + rVAff 2 ), a = -^r 3 iy-^r 2 (l-W^) , 
4 lb 4 

(D) 4(A 3 ) 2 192P 2 96P lgPjfr AW 16(1 - W] 

r 2 M^ r®W r 4 r 3 py r r 2 

S <V> = A = >-2a), (16) 

and the constraints, also given in || ||] write : 

r(A 3 ) 2 WP f rW _ _ _ ^ 

p = -i^ + P(^ + l ) + !l^! (17) 



^3 = -43 



W 2 8P 



Notice also that with the new variable r, the (anti) self-duality of the Weyl connection (|T4] ) 
writes : 

A 3 = ±-A 3 & A 3 = \r ±2 , (18) 
r 

Coming now to the system (|17])> we distinguish 3 cases, corresponding to A 3 or P being 
zero or not. 

3.1 Non exact Weyl form : ^3 7^ 0. 

Let us define new functions by : 

fl(r) = EM , T(r) - P(r) 



Mr) ' r*A 3 (r) 
The second and third equations ([17]) give : 

T = R/A + rR/8 , (19) 

2r 2 RR - (rP) 2 + 2rRR - 4P 2 - 4 = , (20) 
Thanks to (fL9|), the Weyl form becomes : 

8P 

7 = sdr + A 3 a 3 = dlog | r 2 P | +A 3 a 3 . (21) 
rP 
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Notice the invariance of the equations in the simultaneous change of R, T and 4 3 in their 
opposite. The non-linear, but homogeneous, differential equation (|20|) may be integrated once 
to give (P being an arbitrary constant) 



rR = 2e^R 2 + 2pR~l = 2e^(R~a 1 )(R + a 2 ) , e = ±1 . 
A further integration gives (d e being other strictly positive arbitrary constants) 



log(d e r) = elog[\JR e - a x + ^ R e + a 2 ) 
The function R(r) is then obtained : 



RAr) 



(d e r) 



2c 



(22) 



but there is a positivity constraint that writes 



So, R + is defined for (d + r) 2 > 4^/TTp 1 and R_ for (d_r) 2 < 

and writes, using the variable r = d 2 r 2 /4 



A continuous solution 



of 



is obtained iff. eL 



R{r) = -(3 + 



r , (1+/3 2 



2t 



2t 



(23) 



Equation ( |TT?D then gives 



T(r) = -[r-0\. 



(24) 



Differentiating a(r) given in equ.(^) with respect to r, when compared to the first equ.(|T 
gives a second order linear differential equation on G(t) = A^(r) : 



t 2 d 2 G 
2 dr 2 



;i + (3 2 ) - 2(3t + r 2 



dG 
dr 



G 



-2t 



(25) 



Using G = 2/t + Ai[t/4 — (1 + /? 2 )/(4r)] as one parameter family of solutions ( easily found 
by inspection of the recursion relation associated to a Laurent series expansion of G around 0), 
one finds the general solution of (pop : 



G 



2 - + ^ [r 2 - (1 + P 2 )} + ^ r + P + [r 2 - (1 + p 2 ) | ard an ( r 1 ) 



(26) 



Furthermore, thanks to the previous remark, a ±1 factor may be introduced, simultaneously, 
in R(r), T(r) and (r) . 

As a consequence, we have the following Theorem : 

Theorem 1 : Any diagonal Kahler Bianchi IX metric g and non-exact Weyl one-form 7 such 
that the structure (g , j) is that of an Einstein-Weyl space, depend on 4 parameters (Xx, A 2 , P 
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and d ) and are given by : 
i) the metric g 



9 = 



dr 2 



1 



tV{t) 



tV(t) 4 
1 + /? 2 



rV(r) = -[l + (r-/3) 2 ]G(r) 



r-2/3 + 



r 



+ 



As 

16 



r^-/5r+(l-^) + 



r 3 - 2/3r 2 + 2/3(1 + /3 2 ) 
+ 



2\2 



r 



.2 M ,2, , /?(l + /5 2 ) , [(r-/3) 2 + l][r 2 -(l + /3 2 )] 



r 



(27) 

arctan (t — (3) , 



where r = £f , V(t) = W(r) 
ii) the one-form 7 



7 = rflog[l + (r-/5) 2 ]±G(r)a 3 



2 Ai 



A 5 



G{t) = - + -% 2 -(l + /3 2 )] + -^ r + /3+ [r 2 -(l + /? 2 )] arctan (r - (3) ; (2* 
r At 8t l J 



iii) tie geometrical quantities result from equation (jig), 

A 2 



<i 2 a 



2[1 + (t- 

3Ai r 1 3A2 



[r — /3] arctan (r — /3) 



+ 16 



A 2 



Ai 



;i + (3 2 ) - 3pr 2 + 2r 3 ] + 



[t-P) 2 + 2/3 
(r-P) 2 + l 



t - (3)(2t + (5) + [(3(1 + (3 2 ) - 3(3t 2 + 2t a ] arctan (r - (3) 



d 2 



A 



1 Ax 



A, 



[(r-(3Y + l)- v , 

T LOT 



T - P + [1 + (r - /3) 2 ] arctan (r - (3) 



(29) 



A few comments and corollaries are in order : 



The expression of the conformal scalar curvature exhibits a well-defined sign, depending 
only on the parameter A 2 . For 4-dimensional compact Einstein- Weyl spaces, this results 
from the work of Pedersen and Swann [15]. In particular, for the compact case, if 



vanishes, the space is conformally Einstein. 

In the basis of self-dual two-forms, the self-dual part of the Weyl curvature tensor writes: 



12 










-1 
+2 



The condition = constant implies = which is equivalent to A 2 = . This leads 
to the following corollary : 
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Proposition 1 : Given a diagonal Kahler Bianchi IX metric g and a Weyl one-form 7 such 
that the structure (g , 7) is that of an Einstein-Weyl space, the two following conditions are 
equivalent : 

i) the space has a constant conformal scalar curvature, 

ii) the metric, depending on 3 parameters submitted to some positivity requirements 0, is 

9 = ^dr 2 + \r\ol + al + Wai) (30) 

TTT , . _ nr 2 k(3X — Kii)r A 8A 16u / , 9 3A — kll A ( 8 K 

W(r) = H h — -P 1 — - H £ = 2u + Ar H — -r 4 — + — 

v ; 6 144A 2 r 2 r 4 \ 24A / Vr 4 6A 

the conformal scalar curvature vanishes and the one-form and the scalar curvature are respec- 
tively : 



2 i 3A - /«/i^ 4l ^ _ . I \ ,, \, 'S" 2 



7 = cHogp/i + Ar 2 + ^-^r 4 ] ± a 3 W[^-A 2 ^ 



2 



r 2 6A 



S™ = -4 K [l + \^r 2 ]. (31) 

• The condition of constant scalar curvature enforces Ai = A2 = , i.e. = . This leads 
to a special case (« = 0) of the previous proposition which appears to be the scalar-flat 
metric of Madsen with an anti-self dual Weyl connection (see equ.(|l8|)) || |{|. Then we 
have the following corollary : 

Proposition 2 : Given a diagonal Kahler Bianchi IX metric g and a Weyl one-form 7 such 
that the structure (g , 7) is that of an Einstein-Weyl space, the two following conditions are 
equivalent : 

i) the space has a constant scalar curvature, 

ii) the metric, Weyl form and geometric parameters, depending on 2 parameters submitted to 
H > A 2 , are : 



1,9 1 9/ 9 9 9 \ 8A I6/1 , 4A, 9 16(u — A 2 ) 

w dr 2 + -r 2 (al + aj + Wa 2 3 ), W = 1 + ^ + = (1 + ^) 2 + ^ 4 > 



7 = rflog[r 4 W] ± V/ " A V 3 , ^+ = 5^ = ^ = 0. (32) 

This structure has been recently related to Ricci-flat metrics with torsion |]. 
• The special case A 2 = 0, Ai = 8/(1 + (3 2 ) leads to : 

W = l ^ r 2 + - r 4 A, = ± - r 2 

2(1 +/3 2 ) ^ 16(1 + /? 2 ) ' 3 2(1 + /? 2 ) ' 



2 To agree with commonly used notations, we make the following changes of parameters : 

k/6 = _W ; 8A = „J. [8 _ Ai(1 + / g 2)] 5 16 /x= 2 ( 1 +/ 2 ) [8 _ Al( l + /3 2 )]- 

Then the quantity |/t — A 2 — 3^-] /A 2 equals the positive constant 1//3 2 ; this, as we shall see in Subsect. 4.1 
needs kA < 3/4 . Moreover, W should be a positive function. 
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which is an Einstein- Weyl structure with a self-dual Weyl connection (see equ.(|T8|)) : 

W = 1 + ^ + ^ r ' ={1 + ^ r + ^y >0 , ,> K V3, 
7 = dlog[W] ± V3u - k 2 (^j a 3 , S {D) = , S (v) = -(4k + vr 2 ) . (33) 

• By inspection of expression ( |2"8| ) and use of equation , we have the following corollary: 

Proposition 3 : Given a diagonal Kahler Bianchi IX metric g and a non exact Weyl one-form 
7 such that the structure (g , 7 J is that of an Einstein-Weyl space, the only (anti)self dual 
Weyl connections are those of equations (|33|) and (|3^). 



Some properties of the conformally scalar flat metric (|30|) will be offered in Subsection 4.1. 



3.2 Conformally Einstein metrics : A3 = , P 7^ . 



As said before, we consider this limit of the general class, and we still ask io\ = uj 2 

(biaxial or U(2) metrics), which is definitely a restriction (see for example see some attempts 
in[0). 

We add to the Einstein-Weyl conditions fllEyiTD , the exactedness of the Weyl one-form 7, 



A first constraint writes : 



7 = d'j A 3 (r) = . 



W 4 4P 
+ - - 



P W ' r r 3 W ' ^ 

The function P(r) being different from zero (to have a non vanishing Weyl form), we define an 
auxiliary function 

r*W{r) 



R(r) 



P(r) 



it satisfies 



R = 4r 

which gives (5 being an arbitrary constant) : 



(35) 



P(r) = W(r)- 



2(r 2 + 4<5) ' 

Notice that, thanks to (pop, the Weyl form writes : 



(36) 



7 = - = 2dlogi? 
The constraint (fl7|) on the function a(r) of ( |16|) then gives 



W W 

16 



3r 



4(r 2 + 45) 16 



- 2 (w-i) 
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which writes, using the variable r = r 2 and the function V(r) = W(r) — 1 

t 2 (t + 45)V + 85tV -2(t + 45)V = . (37) 
This linear equation integrates to 



V = a 1 r(l + ^) + 6i^fi > (38) 



and this gives 

W(r) = 1 + ai r 2 + -V + 4 + — i . 39 

8o r 4 



With the following change of parameters : ai = n/6,bi = 8A and 5 = /z/A , we have the 
following theorem : 

Theorem 2 : Given a diagonal Kahler Bianchi IX metric g and a Weyl one-form 7 such that the 
structure (g , 7) is that of an Einstein- Weyl space, the two following conditions are equivalent : 

i) The space is conformally equivalent to an Einstein space, and the metric is biaxial, 

ii) The metric depends on 3 arbitrary parameters : 



1 r 2 1 2/ 2 2 o\ TT7/ x _ nr 2 n\r A 8A 16u 

VV 4 48/i r 4 



and the one-form is 



Moreover, with 



7 = dlog[4/i + Ar 2 f . (41) 



192^-A»- T ] 5(v) = _ 4K[1 + ^ h (42) 

[4/i + Ar 2 ] 2 L 4/x J v 7 

Kr 4 A/tr 6 9 , 16 ri9 A — 9 kA 4 kA 2 fi1 

ft = Ah 1 r A = A H — r r r 

+ 16 + 96/i ' 4/i + Ar 2[ + 4 16 192/. J ' 

A few comments are in order : 

• The request of a constant scalar curvature leads either to A = 0, which is an Einstein 
metric and will be discussed in the next subsection, or k = which is scalar flat (see the 
next item). 

• The special case = => k = 0, where the scalar curvature vanishes, gives a metric 



conformally equivalent to the Lebrun metric |16| which generalises Eguchi-Hanson (k = 
A = 0). 

The special case &i = 0=^A = /i = with a fixed ratio 5 leads to : 

W(r) = 1 + (/t/6)r 2 + (/t/48<5)r 4 , 7 = d\og[4S + r 2 } 2 , 
S(D) = -64^-3) 5(v) = _ 4 r 2 

[45 + r 2 ] 2 1 45 

With z/ = |, we recover the metric (|3"3"D, but the Weyl one- form and the conformal scalar 
curvature are different. 



Einstein- Weyl . 



11 



The special case b x = 0, 5 oo such that bid = /i =>- A = 0, is the aforementioned Einstein 
metric. 

The special case a\ = 5 = with a fixed ratio a 1 /<5 = z//6=^K = /i = with a fixed ratio 
n/fi = v/\ leads to : 



W( r ) = 1 + (8A)/r 2 + (z//48)r 4 , 7 = cilog[r 



2i2 



^ (13) = ^92A ^ 5 (v ) = _ z/r 2_ (44) 



? ,4 

The special case 

h = 85[1 - 2 ai 8] [/i/A - A - ^] = = , (45) 

is common to this subsection and the previous one : under this hypothesis, the two 



quantities K ^ A ^ in equ. (|30|) (Proposition 1) and ^ in equ. (^0|) (Theorem 2) are indeed 
the same. 

In Subsection 4.2, we shall analyse the Einstein metrics conformally equivalent to (|40|) and 
recognise previously known ones. 

3.3 Einstein metrics : A 3 = P = . 

The constraint (|T7|) on the function a(r) of ( |16| ) gives the homogeneous equation 

r 2 W + 3rW - 8(W - 1) = , 

which integrates to 

W = 1 + a 2 r 2 + 6 2 /r 4 , (46) 
that was obtained by Gibbons and Pope [17[] and Pedersen (It interpolates between Eguchi- 



Hanson (a 2 = 0) and the pseudo Fubini-Study metric (b 2 = 0).) It is the only Kahler Einstein 
biaxial Bianchi IX metric [|TI| . The scalar curvatures and - as well as the cosmological 
term A - are both equal to the constant — 6a 2 . 

4 More on our Einstein- Weyl metrics 
4.1 Conformally scalar flat metrics 

In the present work, we comment only the conformally scalar flat special case (A 2 = in 



equation (|27|), i.e. the result of Proposition 1). A first remark is that such spaces cannot 
be compact, because according to a result of Pedersen and Swann jLlJ, they should then be 
conformally Einstein. 



When rewritten as a function of r = r 2 , the distance 3 and Weyl form are : 
1 

9 = 4 



l -dT 2 + t{o\ + erf) + p(r)o\ 



, with p{r) = tW{t) 



3 The expression (^7|) of the distance appears to be the same as the one obtained in jT2| for the extremal 
metrics of Calabi |pj]j , and compared to equation 8 of satisfies the relation 

C1C3 + c 2 c 3 + c\a = . 
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P(T) . ^ + 8A+T + ? + ^ T 3 = ( 2 , + AT+ ^ T Ag + - 



3A — KfX 2l /r , 2 K ^ 



2 



7 = rflog[2// + Ar + 'V ] ± oWfp-A 



K 

^x T . 



(47) 



24A J V 3A 

Remember that the quantity p — A 2 — has to be positive. One easily finds that this requires 

kA < 3/4 . 

One gets : 



3A r AkX 3A r 4kA 



if kA < 0, and, if < kX < 3/4 : 



n 3A r I 4kX 1 3A M I AkX, 



Moreover, the first parenthesis of p(r) given in equ. ([47]) cannot vanish and has the same sign 
as n . Let us now discuss the positivity of the metric. The second parenthesis in p may vanish, 



for r = r = 4y-^, iff. kX < . Finally, three situations arise : 

• a)0</tA<3/4 : the parameter /i is positive (restricted as mentioned above) and the 
function p(r) too. The variable r belongs to the interval ]0, oof ; 



b) kX < and /i > -^[y 1 — ^ — 1] > : the function p(r) - and the metric - is positive 
in the interval ]0, r [ ; 



• c) kX < and /i < §£[y 1 — ^ + 1] < : the function p(r) - and the metric - is positive 
in the interval ]to, oof . 

Let us now discuss the kind of singularities of the metric with respect to the terminology 
of Gibbons and Hawking jTTU|. The value r = is an incurable singularity except when /i = 
(then A has to vanish and one is led to the particular self-dual case (|33|) where, the function 
W being positive definite, r belongs to ]0, oof and the other end, +oo, is singular). The value 
t = +oo is an incurable singularity except when A = k/i/3 (then k has to vanish and one is 
led to the particular antiself-dual case (|32D where, the function W being positive definite, r 
belongs to ]0, oof and the other end, 0, is singular). 

With respect to the singularity at To, we now prove that, only in subcase c), it may be an 
apparent bolt-like singularity . p(r) being positive, the expansion 

p(r) = (t-t )p'(to) + ... 

allows the change of variable : 

r - r = x 2 p'(r ) , 

and the metric behaves like 

{dxf + * 2 [^pi] V 2 + i[r + * 2 p'(ro)]K 2 + ol) + .. 
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exhibiting a bolt \W\ of order k iff. : 

P'(r ) 



fc = l,2,... ; 



indeed, in such a case, the singularity at r is an apparent polar-coordinate like singularity, 
which disappears when the range in the angle ip (03 = dip + cos8d(j), ..) is limited to [0, ^] . 
This requires : 

k + 1 2 A 48A . 

^ = --32-^0-^0, K = -^' ( 48 ) 

and the positivity of /i — A 2 — writes : 

k 2 -l (k + 1) 2 2 

Then, we can summarise the previous discussion according to cases a), b) and c) defined above: 

• a) t G ]0, oof : the metric is singular at both ends, except for the ( ant i) self- dual cases 
mentioned above ; 

• b) r G ]0, r [ : the metric is singular at both ends ; 

• c) r G [t , 00 [ : if the parameters are related as in equ. (pE8|), the singularity at r is 
bolt-like, and the metric is complete at tq, but anyway singular at 00 . 

As explained above, they are never F] compact 



4.2 Conformally Einstein metrics 

The metric g (|40|), with 



7 = d\og[h 2 } , h = An + Ar 2 , 5f) 



-h 



is conformally equivalent to the metric g = gh 2 which is Einstein, with a scalar curvature 
given by : 



= h 2 S^ - Q[hAh + 2\dh\ 2 } = 192[A/z - A 3 - 



(50) 



This is in agreement with a theorem of Derdzinski [f2(J quoted in the book of A. Besse (|21||, 
Theorem 11.81) as the function 



(S^y - 6[SWASW + 2 I dSM | 2 ] = - 2 SP 

is a constant ; moreover, this theorem proves that g is a conformally Einstein extremal metric of 
Calabi [IT]. Then the work of Valent and Chave |L2|, giving an explicit form for their distance 



Except when they are in fact conformally Einstein (// — A 2 — — .) 
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and the change of coordinates ensuring this link, is of great help. Our U(2) symmetric metrics 
(|40|), when expressed as a function of r = r 2 : 

9 = ^- 2 + r^ + ^) + l(p(r))al) , (51) 

p{r) = r 2 ^(r) = 16 yU + 8Ar + r 2 + V + ^r 4 , 

6 48/^ 



and compared to equation 8 of fL2| , satisfies the relation 4ciC4 = C2C3 of proposition 7 (equ. 
15 of ||12||), so ensuring their conformally Einstein character. With respect to g, the change of 
coordinate : 

At - 4/i 

P= \ — r » -Kp <+l 
Ar + 4/i 



gives a Carter metric [10 



5 ^ ^K^^ + f 1 -^^} (52) 

. . . r K/i 3A 2 8 r «u 3A 2 r /t/i 3A 2 9 l r ku 3A 2 , 4 
A W = [ 1 + ^ + _ ] + _[^__ b + 2[_i + J + _ ] ^__[_ 3 + Ji + _ ]A .. 

Finally, if one require compactness and special behavior at end points (bolt-bolt), one gets 
definite values for our parameters A, k and // . In particular, g is the Page metric [^2J iff. 

^ = ^! = 1 _4±4 ._.2443 
3A ix i/(3 + z/ 2 ) 

where the Page parameter z/ ~ .2817 is the unique root of the algebraic equation — z/ 4 + 6z/ 2 + 3 = 
4:1/(3 + z/ 2 ) in the range < v < 1 . 

5 Concluding remarks 

In this paper, we have presented a complete analysis of the Einstein- Weyl structures (g , 7) 
corresponding to diagonal Kahler Bianchi IX metrics first analysed from this point of view 
by Madsen. The general solution is a 4-parameter metric (0). In the subclass where the 
conformal scalar curvature is a constant, our Proposition 1 extends previously known results 
II H to non scalar-flat cases. Unfortunately these metrics, known to be non-compact, are 
always singular. We refer to a further publication for a discussion on the link between our 
Einstein- Weyl structures and geometries with torsion as initiated by Tod ]IJ. 

With respect to conformally Einstein structures, we recover the U(2) symmetric metrics 



conformally equivalent to the Einstein metrics of Carter [10, 12 . 
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